We present a theoretical study of the unielectronic energy spectra, electron localization, and optical absorption of triangular core-shell quantum rings. We show how these properties depend on geometric details of the triangle, such as side thickness or corners' symmetry. For equilateral triangles, the lowest six energy states (including spin) are grouped in an energy shell, are localized only around corner areas, and are separated by a large energy gap from the states with higher energy which are localized on the sides of the triangle. The energy levels strongly depend on the aspect ratio of the triangle sides, i.e., thickness/length ratio, in such a way that the energy differences are not monotonous functions of this ratio. In particular, the energy gap between the group of states localized in corners and the states localized on the sides strongly decreases with increasing the side thickness, and then slightly increases for thicker samples. With increasing the thickness the low-energy shell remains distinct but the spatial distribution of these states spreads. The behavior of the energy levels and localization leads to a thickness dependent absorption spectrum where one transition may be tuned in the THz domain and a second transition can be tuned from THz to the infrared range of electromagnetic spectrum. We show how these features may be further controlled with an external magnetic field. In this work the electron-electron Coulomb repulsion is neglected.
Introduction
Polygonal quantum rings are nanoscale structures with diameters from tens to hundreds of nanometers and lateral thickness down to few nanometers [1] . Such structures may be achieved due to the possibility of combining two or more different materials into one vertical structure, i.e., core-shell nanowires. They contain a core, itself a quantum wire, which is covered by one or more layers of different materials. Due to the variety of controllable physical properties core-shell nanowires have recently turned out to be suitable building blocks of many quantum nanodevices such as solar cells [2, 3] , nanoantennas [4] , field-effect transitions [5, 6] , lasers [7] , including plasmon lasers [8] , light-emitting diodes [9] , THz radiation sources [10] and detectors [11] .
One of the physical properties which may be modeled during the growth process is band alignment. Core-shell nanowires are built of at least two different materials, each one having its own energy structure, which changes considerably in the presence of strain [12] . In most cases core and shell materials have different lattice constants, and thus the combined system differs substantially from the bulk of each component, or from single material nanowires, and depends on the geometrical details. This provides a possibility to control band alignment through the core and shell thicknesses [13, 14] and thus to achieve systems in which conduction electrons may be found only in the shell area [15] . The present art of manufacturing allows for etching the core part such that the remaining shell forms a nanotube of finite thickness [16, 17] . If such nanowires are sufficiently short, i.e., of height much smaller that the radius, then they may be considered as quantum rings, as long as only the lowest wave-function mode in the growth direction is relevant.
Physical properties of polygonal quantum rings differ considerably from their circular counterparts. Electrons are always equally distributed along the whole circumference of homogeneous circular structures, while in the case of polygonal systems the localization pattern is much more complicated. As in the case of bent quantum wires [18] , in the corners of polygonal rings effective quantum wells are formed, with energy levels determined by the size and shape of the area between internal and external polygon boundaries. This results in localization of low energy electrons in the vicinity of corners, whereas carriers associated with higher energy levels are purely or partly localized in side areas [19, 20] . In the absence of external fields the ground state of circular rings is twofold (spin) degenerate while all exited states are fourfold (spin and orbital momentum) degenerate. In the case of polygonal rings the ground state is also twofold degenerate, but higher levels are either two-or fourfold degenerate and the degeneracy pattern is determined by the number of corners [21] . Depending on the ring shape, corner-localized states may be separated from side-localized ones by an energy gap [20] .
In this paper we show how the spectral properties of the single electron states confined in triangular quantum rings depend on the geometric aspect ratio, i.e., the ratio between the lateral thickness and the side length, or, equivalently, the radius of a circle encompassing the ring. We show how corner localization maxima merge with increasing side thickness and define conditions under which low energy electrons are expelled from side areas. The ground state energy and splittings between consecutive levels depend on the ring's shape. The energy gap separating corner-from side-localized states may reach high values for thin triangular samples and may be tuned within a wide energy range. As a result the rings absorb photons of distinct energies which may be controlled to high extent.
The paper is organized as follows. In the next section we define the sample model and describe the methods we use in our calculations. In Sec. 3 we show our results, in particular we investigate how energy levels and carrier localization change with the aspect ratio between the side thickness and sample radii for the case of equilateral rings (Sec. 3.1) and non-symmetric samples (Sec. 3.2). Next we show how those features are reflected in the absorption spectrum, Sec. 3.3. The summary and final remarks are contained in Sec. 4.
The model
All analyzed rings are restricted externally by equilateral triangles, with a fixed radius R ext = 50 nm, i.e., the distance from the center to the corners, but variable side thickness, such that the core area is varied, as illustrated in Fig. 1 . The quantum states were obtained with two different computational methods, based on discretization of the Schrödinger equation on polar and triangular grids, respectively.
In the method based on the polar grid we start with a disk of radius R ext discretized in polar coordinates [22] . The triangular samples are achieved by imposing polygonal boundaries within the disk, and excluding from the grid all sites situated outside those boundaries. We have recently used this method to describe various polygonal rings [20] . In the position representation the Hilbert space is spanned by vectors |kjσ , where the indexes k and j correspond to discretized radial r = r k and angular φ = φ j coordinates, separated by intervals δr and δφ, and σ is the spin projection on the z direction. The kinetic Hamiltonian matrix elements defined on the polar grid are
where
) is the reference energy, m * the electron mass in the ring material, t r = (R ext /δr) 2 , and t φ = [R ext /(r k δφ)]
2 . We assume that the ring is immersed in an external static magnetic field B perpendicular to the plane of the ring, i.e., associated with the vector potential A = B(−y, x, 0)/2. The corresponding Hamiltonian matrix elements are
with t B = eB/m * T being the cyclotron energy in units of T . Finally, we take into account the Zeeman effect which results in splitting of spin degenerate energy levels. For the relevant Hamiltonian we obtain
where γ = g * m * /2m e is the ratio between the Zeeman gap and the cyclotron energy, and m e is the free electron mass. The total Hamiltonian is thus
We use material parameters of InAs which are the effective mass m * = 0.023m e and the effective g-factor g * = −14.9. In the second method the software package KWANT [23] was used to construct the Hamiltonian matrix elements of the system. The system was discretized on an equilateral triangular grid. This scheme allowed for an equally dense grid over the whole triangular quantum ring, together with a good representation of the corners. The eigenenergies and eigenvectors of the resulting Hamiltonian matrix where calculated using a linear algebra package.
The numerical calculations on the (nonuniform) polar grid were performed using around 6900 grid points and between 2000-12000 in the case of the KWANT software. We used both computational methods to explore the dependence of the energy levels and wave functions on side thickness, and since both methods predicted very similar behavior we present only the results obtained with the polar grid.
Results and discussion
Below we show our results on the geometry dependent properties of triangular quantum rings. We start our discussion from symmetric (equilateral) samples with constant external radii and show how their energy levels and electron localization change with increasing side thicknesses. In the next step we analyze the electron energies and localization for the case of non-symmetric rings. Finally, we show how those features affect the absorption spectrum.
Energy structure and carrier localization of symmetric rings
The energy levels of polygonal quantum rings show a unique degeneracy pattern which depends only on the number of corners [20, 21] . In the case of symmetric (restricted internally and externally by regular triangles) rings and zero magnetic field the ground state is twofold (spin) degenerate, the second and third levels are fourfold (spin and orbital momentum) degenerate and the fourth level is again twofold degenerate, Fig. 2(a) . The ground state energy and the gaps between consecutive levels depend on the aspect ratio of the triangle. If the external radius is assumed to be constant then the ground state energy changes as the inverse of squared side thickness [red solid line in Fig. 2(b) ]. But the evolution of the third energy level [the black dashed dotted line in Fig. 2(b) ] is more complicated: it decreases relatively fast for thin rings and slows down for thicker samples. In Fig. 2 (c) we show the energy intervals between the three pairs of levels. The energy gap in the corner state domain, i.e., between the ground state and the first excited state, ∆ 21 , increases with side thickness [the green dashed line in Fig. 2(c) ]. The next energy gap, ∆ 32 , which separates corner-from side-localized states, initially decreases with the thickness until it reaches a minimum value for the aspect ratio of around 0.34, and then it starts increasing slightly [the red solid line in Fig. 2(c) ]. The sum of those two energy gaps makes up a splitting between the ground state and the third energy level, ∆ 31 [the blue dotted line in Fig. 2(c) ], which differs considerably from the main energy gap ∆ 32 only for thick samples where the contribution from the splitting of the two lowest levels is substantial. In particular the minimum of ∆ 31 occurs for a thickness only slightly smaller than for ∆ 32 .
The mentioned features may be explained with a closer look at the geometry of the corner areas. In Fig.  1 we compare two rings which are externally restricted by identical equilateral triangles but have different side thicknesses, 10 nm in Fig. 1 (a) and 20 nm in Fig. 1(b) , respectively. As can be seen, the corner areas between the internal and external boundaries, where effective quantum wells are formed, increase with ring thickness. Since quantum well energy levels scale with the squared inverse of their size, the decrease of the ground state energy shown in Fig. 2 (b) may be understandable.
The localization pattern also changes with increasing side thickness, Fig. 3 , but low-energy electrons are always attracted by the corner quantum wells. The number of corner-localized states equals to the double number of corners (if spin degeneracy is included) which means that probability distributions associated with the two lowest levels (two-and fourfold degenerate) of triangular rings form maxima in that areas [20] . In the case of narrow rings the ground state is localized over very small areas in the corners, where sharp and high localization peaks are formed, and the probability distribution vanishes along the whole side length, Fig.  3(a) .
The corner areas increase with side thickness (Fig. 1 ) and the ground state localization maxima decrease, becoming spread over much larger areas, and penetrating into the sides. For sufficiently thick samples, i.e., for aspect ratio around 0.24, the localization peaks begin merging in the middle of the sides, Figs. 3(b)-3(d) . Similar effects occur for the corner-localized probability distributions associated with the second energy level, Figs. 3(e)-3(h), but corner maxima become even sharper with increasing energy, and thus the probability of finding electrons from the second energy level in the middle of the sides increases much slower compared to the case of the ground state. The thicker is the ring the larger is the difference between localization patterns associated with the two lowest levels which results in higher energy splitting between the corresponding energy levels [the green dashed line in Fig. 2(c) ].
According to our definition, thick rings are built around very narrow cores. For the 24 nm thick sample shown in Figs. 3(d) , 3(h), and 3(l) the core radius equals 2 nm. The side thickness of 25 nm corresponds to a full triangle. The ground state probability distribution for a full triangle forms one, relatively wide, peak in the middle of the sample. The localization pattern shown in Fig. 3(d) is split into three half merging maxima situated close to the center, i.e., looking like the ground state probability distribution of a full triangle pierced in the middle. The first excited state of a full triangle, which incorporates shorter wavelengths, forms sharper maxima shifted towards the corners. The difference of the probability distributions associated with the first and second energy levels of wider triangular rings can be understood by analogy with the full triangle. The result is that the localization peaks in the ground state are (slightly) broader than in the first excited state.
In the case of sufficiently thin samples the probability distribution associated with the first value above the corner-localized domain, i.e., the third energy level, is distributed between all of the sides of symmetric samples and forms a maximum in the middle of each side [20] . This localization shape changes with thickness in the opposite way to the ground state localization pattern, Figs. 3(i)-3(l). As seen in Fig. 1 , the thicker is the ring the larger is the ratio of the corner to side areas [red or turquoise to beige areas in Fig. 1 ]. This results in sharper and higher side maxima which need to adjust to relatively smaller localization space. Interestingly, for thicker rings purely side-localized states do not occur and the probability distribution associated with the first level above the corner-localized domain forms sharp maxima in the middle of the sides, which may be even higher than the peaks associated with the second energy level, and are accompanied by lower corner maxima, Figs. 3(k) and 3(l).
The most interesting characteristic feature of triangular rings is the large energy gap separating states with qualitatively different probability distributions, in the corner areas, or in the middle of the sides. Analog corner and side localization occurs for square and hexagonal rings, but in those cases the energy separating such states is much smaller than for triangles [20] . In the discussion of Fig. 3 , these localization patterns change in opposite ways with increasing side thickness, i.e. the difference between them becomes less pronounced, which corresponds to the decrease of the energy gap. For thick rings the probability distribution associated with the third energy level forms six maxima, i.e., again the localization patterns start to differ more and thus the energy gap increases slightly.
Energy structure and carrier localization of non-equilateral rings
Many properties of polygonal quantum rings are very sensitive to the sample symmetry. Energy levels of nonsymmetric triangular rings are only twofold (spin) degenerate. Still, probability distributions associated with the six lowest states, now arranged into three levels, are localized in corner areas. Contrary to the previous case they are not equally distributed between all of the corners but may be localized on single ones [20] . In Fig. 4 we show the energies of non-equilateral triangular samples for which the thickness of one side has been increased by 4% and of a second one by 8% with respect to the third side. As can be seen in Fig. 4 (a) the energy levels of the thicker sample resemble much more the ones of equilateral ring [ Fig. 2(a) ] than the energy structure of the thinner sample. This can be understood if one takes a look once again on the geometry of corner areas. If the ring sides have different thicknesses then the areas contained between internal and external boundaries differ from each other which leads to formation of three quantum wells of different depth within one ring. In the case of narrower samples the ratio between corner areas is much higher than in the case of thicker rings, this results in substantially different quantum well in each corner and thus also energy spectrum and carrier localization do not resemble the ones of equilateral triangles. With increasing ring thickness the ratios between corner areas decrease and thus the difference between non-symmetric samples and equilateral rings becomes less pronounced and their properties similar. The positions of the ground state and exited levels as well as splittings between them change similarly to the case of equilateral triangles with only small shape dependent deviations [ Fig. 4(b) and 4(c) ], but the corresponding probability distributions differ considerably from the previously analyzed case. Irrespective of the aspect ratio the levels built of the six lowest states are separated from the higher ones by an energy gap and associated with corner-localized probability distributions while electrons occupying higher levels may be more easily found in the sides. Contrary to the symmetric samples, if the rings are sufficiently thin then, single localization peaks are formed in both corner and side areas. The deepest quantum well is formed in the corner for which the area between internal and external boundaries is the largest and thus the ground state electrons are localized in that corner [ Fig. 5(a) ]. The probability distribution associated with the second energy level forms a single peak around the medial corner area. Finally, the shallower quantum well is situated in the smallest corner whose ground state corresponds to the third energy level of the system and thus electrons excited to this level occupy the corner for which the area between the boundaries is the smallest [Fig. 5(e) ]. Also the three side areas differ from each other and the probability distribution associated with the first levels above the gap forms a single maximum in the largest side area [ Fig. 5(i) ] while electrons excited to the two following levels occupy the two other sides, respectively. With increasing side thickness the ratio between the depth of the three quantum wells decreases which results in delocalized probability distributions and increasing number of localization peaks. For the geometry presented here probability distributions associated with the two lowest levels first form a single peak in the largest corner then two maxima at the ends of the thickest side and finally also a small maximum As a result thicker non-symmetric rings resemble much more their equilateral counterparts and due to smaller differences between the effective quantum wells it is much easier to control them externally, i.e., to achieve properties similar to equilateral counterparts as well as to thin non-symmetric rings.
Electromagnetic absorption
We calculate the absorption coefficient using the formula [24, 12, 25] 
where A is a constant amplitude depending on the ring's properties, ε = (1, ±i) / √ 2 the circular polarization of an electromagnetic field (defined with respect to the ring's plane), d the dipole moment, and E i,f the initial and final energies, respectively. The dipole matrix elements depend on the eigenstates and thus are sensitive to the sample geometry,
Here q stands for the basis states (|q ≡ |kjσ ) and Ψ(q, a) are the amplitudes of the eigenvector |a of the triangular ring in the q basis, |a = q Ψ (q, a) |q . The δ (Dirac) function is approximated by a Lorentzian,
where Γ/2 is a phenomenological broadening of the discrete energy levels of the samples and is fixed to 0.028 meV. This value allows for a sufficient energy resolution for analyzing particular transitions. In practice this broadening may have complex physical origin, from all possible imperfections of the core-shell structure, but a proper modeling of it is beyond the scope of the present work. The absorption spectrum is governed by the intervals between the energy levels, E f − E i , and by the dipole selection rules, incorporated in Eq. (3). Since the energy levels strongly depend on side thickness or aspect ratio, the absorption of core-shell rings may be established during the manufacturing process. It can be further tuned with an external magnetic field perpendicular to the plane of the polygon, which lifts both spin and orbital degeneracies. As a result the four degenerate energy levels shown in Fig. 2(a) become twelve non-degenerate levels with energies depending on the field strength. In Fig. 6 we compare energy intervals between the ground state and the eleven excited states (around which maxima of the gray dotted lines are formed) and absorption spectra (the green solid and red dashed lines) of a 12 nm symmetric quantum ring obtained for three different strengths of the magnetic field. If a symmetric polygonal ring containing an electron in its ground state is exposed to a clockwise polarized light then the electron can be excited to one of the corner-localized or to one of the side-localized states. The spin direction is conserved in the absence of spin-orbit coupling. Two different transitions occur in the presence of the counterclockwise polarized electromagnetic field, such that in total the ground state electron may be excited to four different states, two belonging to corner-localized domain [Figs. 6(a), 6(c) and 6(e)] and the other two to side-localized one [Figs. 6(b), 6(d) and 6(f)] [20] . As can be seen in Fig. 6 , the positions of absorption maxima change with the magnetic field on the single meV scale and move apart with increasing field strength. This can be a possibility to fine tuning the absorbed energy. In the limiting case of vanishing magnetic field the final excited levels merge in pairs and form the second and third level, respectively, thus in the absence of the field one should expect two identical transitions from the ground state to those levels irrespective of polarization type.
Excitations induced by both polarization types depend in a similar manner on side thickness and thus below we focus only on the effects induced by clockwise polarized electromagnetic field which excites the ground state electron to the third and ninth energy levels [the green solid lines in Fig. 6 ]. The first absorption peak is centered around the energy defined by the difference between the third and the first energy levels while the second maximum is formed at the energy equal to the splitting of the ninth and the ground level. The external magnetic field lifts the energy level degeneracy, but all of the levels which in the absence of that field form one degenerate level change similarly with side thickness. In particular, the two lowest levels decay with increasing thickness like the ground state in the absence of the field [the red line in Fig. 2(b) ] while the levels from seventh to tenth decrease like the third level of the degenerate system [the blue line in Fig. 2(b) ]. As a result the positions of the two absorption peaks change with side thickness similarly to the splittings of the relevant degenerate levels [ Fig. 2(c) ].
The energy difference between the ground state and the third excited level increases with side thickness and thus absorption maxima associated with this transition [ Fig. 7(a) ] move to higher energies. The energy interval which defines the position of the second peak depends on side thickness like the splitting between the third and ground levels of degenerate systems [blue dotted line in Fig. 2(c) ]. Corner-and side-localized states of thin triangular rings are separated from each other by a large energy gap, as a consequence the splitting between the ground state and the first optically accessible side-localized state is also considerably large and thus the second absorption peak occurs at high energies [the black solid line in Fig. 7(b) ]. With increasing side thickness the relevant energy splitting decreases, as a result the second absorption peak initially shifts to lower energies. The situation changes when the aspect ratio corresponding to the minimal difference between the initial and final levels is reached. From this point the absorption maximum moves back to higher energies, because the energy difference between the ground state and the ninth level increases with side thickness for sufficiently thick samples, Fig. 7(b) . This means that it is possible to achieve two rings for which aspect ratios differ considerably but the samples still have one transition induced by photons of the same frequency. Irrespective of the sample shape the first transition requires absorption of electromagnetic waves from the THz region. On the contrary, excitations to the side-localized states show much stronger dependence on the sample geometry and may be produced by THz and infrared electromagnetic waves as well. This shows that the absorption spectrum of triangular quantum rings may cover wide range of wavelengths and may be engineered during the manufacturing process through side thickness and then, more precisely, by external magnetic or electric fields.
In the case of equilateral rings (Fig. 7 ) the absorption coefficients associated with both transitions differ As a result the absorption spectrum of non-symmetric rings (Fig. 8 ) differs considerably from the one of equilateral samples (Fig. 7) . The first consequence of the broken wave function symmetry is the increased number of optically induced transitions. In principle all spin-allowed excitations occur, i.e., the ground state electron may be excited to the two higher levels associated with localization in corner areas and to the three levels corresponding to mostly side-localized probability distributions (Fig. 8 ). Moreover this occurs in the presence of both polarization types. The positions of the absorption peaks are determined by the energy intervals between the ground state and the five excited levels [ Fig. 4(a) ] and change with side thickness. For example, the position of the first absorption peak is determined by the energy separation between the second energy level and the ground state while the third maximum occurs for energy equal to the difference between the third and first levels. The energies at which those two absorption peaks built up depend on side thickness like the green and blue lines in Fig. 4(c) , respectively Thin samples absorb much stronger photons of higher frequencies which allow for excitation of the ground state electrons (localized around a single corner) to states associated with probability distributions forming single maxima in the middle of each side. For such samples the absorption in the corner-state domain in negligibly small. The absorption coefficients corresponding to transitions to other corner-localized states constantly increase with ring thickness such that for thick samples they exceed the ones occurring at higher frequencies. The strong dependence of the absorption coefficient on aspect ratio suggests that samples with different optical properties may be relatively easily obtained by slightly changing the deposition time during the fabrication of the core-shell structure.
Conclusions
We studied how sample geometry details affect energy levels and the corresponding probability distributions of a single electron confined in a triangular quantum ring. We also showed how those features determine optical absorption of circularly polarized electromagnetic field. The ground state of triangular samples restricted internally and externally by regular polygons is twofold degenerate and is followed by alternating sequence of pairs of four-and twofold degenerate levels. The energy degeneracy depends only on the ring symmetry and the fourfold degenerate levels may be split into pairs of spin degenerate eigenvalues if the symmetry is broken by, e.g., different side thicknesses. The spin degeneracy is lifted when the sample is immersed in external magnetic field. The splittings between consecutive levels strongly depend on aspect ratio. If the external radius is assumed to be constant then, the separations between the ground state and all other states associated with corner-localized probability distributions increases with side thicknesses. The main energy gap which separates corner-from side-localized states decreases with the side thickness until the lowest energy gap, occurring for the aspect ratio of about 0.34, is reached and then the gap increases slightly again. Contrary to other polygonal rings, in the case of triangular samples this gap is always considerably larger than the energy splittings in the corner state domain. The position of the ground state, followed by the excited levels, is shifted to lower energies with increasing side thickness. Electron localization is also very sensitive to the sample shape. Low-energy electrons confined in thin rings occupy only very small corner areas, with increasing side thickness the corresponding localization peaks penetrate into side areas and overlap. The probability distributions associated with energy levels above the main gap change in the opposite way, i.e., wide peaks spread along side areas become sharper with increasing aspect ratio and for sufficiently thick rings are accompanied by lower maxima formed around corner areas.
The energy levels and corresponding wave functions govern absorption spectrum of the systems. The positions of absorption peaks are determined by energy splittings between pairs of particular levels, while their amplitudes depend on dipole moments and thus on wave functions. As a result the energy of absorbed electromagnetic field depends on sample shape. Since the corner-and side-localized states are always separated by a considerable energy gap, excitations of an electron from the ground state to other corner-localized states and side-localized states occurs in the presence of photons associated with wavelengths belonging to different electromagnetic domains. Thus, by selecting the appropriate ring thickness and shape, one can engineer the absorption in the THz and in the infrared domain.
For simplicity of description and discussion we keep the external radius constant and change only the side thickness. The way how the energy levels change does not depend on the ring diameter but only on the aspect ratio between the side thickness and the external radius. Nonetheless energy levels of nanoscale systems do depend on sample sizes, and thus the results shown in Fig. 2 calculated for different external radii would look the same, but the axes would be scaled differently.
Throughout this work the electron-electron Coulomb interaction was neglected. Strictly speaking the results presented correspond to transitions of a single electron in the triangular ring. As long as the Coulomb interaction is small, possibly due to a large dielectric constant of the material, its main effect is a renormalization of the energy spectrum. However, because of the small energy dispersion of the corner states, non-trivial Coulomb effects could be expected.
